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, 1 , , $S/R$
.
1.
$S/R$ , $M$ $S$- .
.
$D$ : $Sarrow M$ $R$- (R-derivation) , :
$D(xy)=D(x)y+xD(y)$ , $D(r)=0$ $(\forall x,$ $y\in S,$ $\forall r\in R)$ .
$R$- $D$ $D(x)=mx-xm(m\in M)$ , $D$ (inner)
$Aa$ , $D(x)y=yD(x)(\forall x, y\in S)$ , $D$ (central) .
$S/R$ ,
$\mu:S\otimes_{R}S\ni x\otimes y\mapsto xy\in S$
$S$- (split) , $S/R$ (separable
extension) . F. DeMeyer, E. Ingraharn [1, P.76 Theorern] $S$
$R$- , S. Elliger [2, Satz 4.2] , $S/R$
(1), (2) .
(1) $S/R$ .
(2) $S$- $M$ , $R$- $D$ : $Sarrow M$ .
, ( )
Y. Nakai[11] . ,
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(1) $S/R$ (separable) , $R$- $D$ : $Sarrow M$ .
(2) $S/R$ (weakly separable) , $R$- $D$ : $Sarrow S$
.
(3) $S/R$ (quasi-separable) , $R$- $D$ : $Sarrow M$
.
(4) $S/R$ (weakly quasi-separable) , $R$-
$D$ : $Sarrow S$ .
, .
2. $A$ 1 , $A$ 2
$R_{2}=\{$$T_{2}=\{(\begin{array}{ll}r s0 t\end{array})|r,$ $s,$ $t\in A\}$ , $I_{2}=(\begin{array}{ll}1 00 1\end{array})$$(\begin{array}{ll}r 00 r\end{array})|r\in A\}$ ,
. , $T_{2}/R_{2}$ $I_{2}$ , $T_{2}$ $R_{2}$-
$D$ , $a,$ $b\in A$
$D((\begin{array}{ll}r s0 t\end{array}))=(\begin{array}{lll}0 ra+sb -ta0 0 \end{array})$
. $D$ , $T_{2}/R_{2}$ . $D$
, $T_{2}/R_{2}$ .
$T_{2}/R_{2}$ .
$\varphi:T_{2}\ni x=(\begin{array}{ll}r s0 t\end{array})\mapsto(\begin{array}{ll}r 00 r\end{array})\in R_{2}$
. $T_{2}/R_{2}$ , K. Sugano [13, Proposition 1]
, $x\in T_{2}$ , $e\in T_{2}$ :
$\varphi(x)e=ex$ , $\varphi(e)=1$ .
$e=(\begin{array}{ll}\xi 00 \xi\end{array})(\xi^{2}=\xi\in A)$ $e=0$ , $\varphi(e)=1$ . $T_{2}/R_{2}$
.
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2 , $S$ $A$ ,




$R$ , $R$ $R[X]$ . $R[X]$
1 $f(X)$ (monic polynomial) , $f(X)$ $R[X]$
$(f(X))$ ,
$R[x]=R[X]/(f(X))$ , $x=X+(f(X))$
. , $R[x]/R$ , , $f(X)$
$R[X]$ , .
$f(X)=X^{n}-aX-b\in R[X]$ . $f$ $f’(X)=nX^{n-1}-a$
(resultant) $(2n-1)\cross(2n-1)$ .
$D_{{\rm Res}}=\{\begin{array}{llllllllll}1 0 0 \cdots 0 -a -b 0 \cdots 00 1 0 \cdots 0 0 -a -b \cdots 0\cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots 0 \cdots 0 \cdots 1 \cdots 0 n 0 \cdots 0 -a0 -a0 -b00 0 \cdots 0 00\cdots \cdots 0 \cdots n 0 0 \cdots 0 -a\end{array}\}$
, $X^{n}-aX-b$ $(-1) \frac{n(n-1)}{2}{\rm Res}(f, f’)$ , $D_{{\rm Res}}$
$\det(D_{{\rm Res}})=-(n-1)^{n-1}a^{n}+(-1)^{n-1}n^{n}b^{n-1}$ .
$f(X)$ , .
. $f(X)=X^{n}-aX-b\in R[X]$ , .
(1) $f(X)$ .
(2) $f(X)$ $R$ (invertible).
(3) $f’(x)=nx^{n-1}-a$ $R[x]$ .
, ,
, , [1], $[$7$]$ , [8], [9] .
, :
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3. $f(X)=X^{n}-aX-b\in R[X]$ , .
(1) $f(X)$ .
(2) $f(X)$ $B^{1}1$ $R$ (nonzero divisor).
(3) $f’(x)=nx^{n-1}-a$ $R[x]$ .
. $D:R[x]arrow R[x]$ $R$-
$D(x)=\alpha_{n-1}x^{n-1}+\alpha_{n-2}x^{n-2}+\cdots+\alpha_{1}x+\alpha_{0}$ $(\alpha_{i}\in R)$ .






$M=[.00$ $(n \frac{0}{}.1)an_{0}b0$ $(n_{0}-.1)a000^{\cdot}00000$.
$\cdot$ $\cdot$
. $n_{0}b000$. $(n-1)anb000$. $-an000.]$
, $X^{n}-aX-b$ . $R$- $D$
$\alpha_{n-1},$ $\cdots,$ $\alpha_{0}$ 1 (1)
, $M$ .
(1) (2) . (1) (3) .








$*:Rarrow R$ $R$ , ,
$R[X;*]$ . $X$ , , $r\in R$
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$*$ $\rho$ $rX=X\rho(r)$ ,
$*$ $D$ $rX=Xr+D(r)$
. $R[X;*]$ $f(X)$ 1, $f(X)R[X;*]=R[X;*]f(X)$
$R[X;*]_{(0)}$ , $f(X)\in R[X;D]_{(0)}$ ,
:
$R[x;*]=R[X;*]/f(X)R[X;*],$ $x=X+f(X)R[X;*]$ .
$f(X)\in R[X;*]_{(0)}$ , , ,
$R[x;*]/R$ , , .
$[$ 3 $]$ , $[$ 4 $]$ , $[$ 5 $]$ .
, $R$ , 1 (commutative domain)
.
3.1.




, $R$ , .
5. $A=\mathbb{Z}/6\mathbb{Z}=\{0,1, \cdots, 5\}$ , $A[Y]$ , $R=A[Y]/(Y^{6})=A[y]$ ,
$y=Y+(Y^{6})$ .
$\rho:R\ni r=r(y)\mapsto r(5y)\in R$
, $R[X;\rho]$ . $\rho^{2}=1$
$f(X)=X^{2}-a$ , $a= \sum_{i=0}^{2}(a_{2i}y^{2i}+3a_{2i+1}y^{2i+1})\in R$
, $f(X)\in R[X;\rho]_{(0)}$ , $R[x;\rho]=R[X;\rho]/f(X)R[X;\rho]$
. R$arrow$ $\delta$
$\delta(x)=c$ , $\delta(x^{2})=\delta(x)c+c\delta(x)$ , $0 \neq c=3\sum_{i=0}^{5}c_{i}y^{i}\in R$
, $\delta$ $R[x;\rho]$ , $X^{2}-a$




6. $f(X)\in R[X;\rho]_{(0)}$ , $R[x;\rho]=R[X;\rho]/f(X)R[X;*]$ .
$k\neq 1$ $\rho$ , $\delta$ $R[x;\rho]$ R-,ﬄ .
(1) $n\leqq k$ , $f(X)=X^{n}-a_{0}$ ,
$\delta(x)=b\in R$ , Tr $(b)=(\rho^{n-1}+\cdots+\rho+1)(b)=0$
. ,
$(1arrow 1)$ $f(X)=X^{n}$ , Tr$(r)=0$
$r\in R$ ,
$($ 1-2 $)$ $f(X)=X^{n}-a_{0}$
$\{r\in R| Tr(r)=0\}\subseteq\{a_{0}(\rho(r)-r)|r\in R\}$
.
(2) $n=tk+\ell(0\leqq\ell<k)$ , $f(X),$ $\delta(x)$
$f(X)=X^{n}-X^{n-k}a_{n-k}-X^{n-2k}a_{n-2k}-\cdots-X^{n-tk}a_{n-tk}$
$\delta(x)=\sum_{i=0}^{t}x^{ik+1}b_{ik+1}$ $B>$ $\delta(x^{n})=x^{n}\sum_{i=0}^{t}x^{ik}$ $Tr$ $(b_{ik+1})$
. , $n=tk$ $b_{tk+i=0}$ . $R=(\rho-1)R$ , $f(X)$ 1
.
(2) $R=(\rho-1)R$ , $R$
, ,
.
7. $A$ 2 , $R=A[Y]$ , $A$-
$\rho:R\ni Y\mapsto-Y\in R$
, $R[X;\rho]$ . 2 .
(1) $R[X;\rho]_{(0)}$ 2 $f(X)=X^{2}-b(Y^{2})(b(Y)\in R)$ , R-
$\delta$ $\delta(x)=xYb_{1}(Y^{2})(b_{1}(Y)\in R)$ .
, $X^{2}-b(Y^{2})$ .
(2) $R[X;\rho]_{(0)}$ 3 $f(X)=X^{3}-Xa(Y^{2})(a(Y)\in R)$ ,
$R$- $\delta$ $\delta(x)=xYb_{2}(Y^{2})(b_{2}(Y)\in R)$ .
, $X^{3}-Xa(Y^{2})$ .
(1), (2) 2 , .
$R\neq(\rho-1)R$ , 6(2) .
2 , Nagahara [9] . , $R$
, $f(X)=X^{2}-b\in R[X;\rho]_{(0)}$ , ([9, Lemma
2.3] $)$ :
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$f(X)$ $\Leftrightarrow b$ , $z+\rho(z)=1$ $z\in R$ .
$b$ , $z$ , $R[x;\rho]=R[X;\rho]/f(X)R[X;\rho]$










9. $A=\mathbb{Z}/4\mathbb{Z}=\{0,1,2,3\}$ $A[Y]$ $R=A[Y]/(Y^{4})=$
$A[y],$ $y=Y+(Y^{4})$ . $A$- $D$
$D:R\ni y\mapsto 2\in R$
, $R[X;D]$ . , $D$
$f(X)=X^{2}-a$ , $a=2 \sum_{i=0}^{3}a_{i}y^{i}\in R$
, $f(X)\in R[x;D]_{(0)}$ , $R[x;D]=R[X;D]/f(X)R[X;D]$
. $R$ $\delta$
$\delta$ : $R[x;D]\ni x\mapsto xb_{1}+b_{0}$ , $\delta(x^{2})=\delta(x)x+x\delta(x)$ , $0 \neq b_{i}=2\sum_{j=0}^{3}b_{ij}y^{i}\in R$
, $\delta$ $R$ , $f(X)$
. $\delta$ , $f(X)$ .
, [5, Lemma 1], [3, Theorem 4.1] ,
:







10. $p$ $R$ , $f(X)=X^{p}-X^{p-1}a_{p-1}-\cdots-Xa_{1}-a_{0}\in R[X;D]_{(0)}$ ,
$\delta$ $R[x;D]=R[X;D]/f(X)R[X;D]$ $R$- . , .
(1) $f(X)=X^{p}-Xai-a_{0},$ $D(a_{0})=D(a_{1})=0$ , $a_{1}$
$r\in R$ , $D^{p}(r)=D(r)a_{1}$ .
(2) $\delta$ $D^{p-1}(b)=ba_{1}$ $b\in R$ , $\delta(x)=b$ .




11. $R$ 2 , $D:Rarrow R$ $D^{2}=0$
$D(R)$ . $f(X)\in R[X;D]$ , $R[x;D]=$
$R[X;D]/f(X)R[X;D]$ . ( $A$ $A[Y]$
. )
(1) $R[X;D]_{(0)}$ 2 $f(X)=X^{2}-a_{0},$ $D(a_{0})=0$ , $R[x;D]$
$R$- $\delta(x)=b_{0},$ $D(b_{0})=0$ . , $\delta$
$b_{0}\in{\rm Im} D$ . $1\in KerD\subseteq{\rm Im}$ , $p$- ,
$f(X)$ .
(2) $R[X;D]_{(0)}$ 3 . 4
$f(X)=X^{4}-X^{2}a_{2}-a_{0},$ $D(a_{i})=0(i=0,2)$ . $R\sim[x;D]$ $R$-
$\delta$
$\delta(x)=x^{2}b_{2}+b_{0}$ , $D(b_{2})a_{2}=D(b_{0})a_{2}=0$
, $\delta$ $b_{0},$ $b_{2}\in D(R)$ . ,
:
(i) $f(X)=X^{4}-a_{0}$ .
(ii) $f(X)=X^{4}-X^{2}a_{2}-a0\backslash$ , $a_{2}$ ,
$f(X)$ $\Leftrightarrow{\rm Im} D=KerD$ .
$a_{2}$ , $f(X)$ .
.
(iii) $f(X)=X^{4}-X^{2}a_{2}-a_{0}$ , $a_{2}\neq 0$ , $f(X)$
. $\{b\in R|D(b)a_{2}=0\}\subseteq{\rm Im} D$ , $f(X)$ .
(3) $f(X)=X^{6}-X^{4}a_{4}-X^{2}a_{2}-a_{0}$ , $a_{0}$ .
$f(X)$ $\Leftrightarrow{\rm Im} D=KerD$ .
.
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12. $A$ 2 , $T_{2},$ $R_{2}$ 2 , ,
$R_{2}=\{$$T_{2}=\{(\begin{array}{ll}r s0 t\end{array})|r,$ $s,$ $t\in A\}$ , $(\begin{array}{ll}r 00 r\end{array})|r\in A\}$
. 2 , $\xi\in A$
$D:T_{2}\ni z=\{\begin{array}{ll}r s0 t\end{array}\}\mapsto\{\begin{array}{ll}0 s\xi 0 0\end{array}\}\in T_{2}$
$R_{2}$- , $T_{2}[X;D]$ .
(1) $a_{0},$ $a_{1}\in A$ , $\alpha 0=\{\begin{array}{ll}a_{0} 00 a_{0}+\xi(\xi-a_{1})\end{array}\},$ $\alpha_{1}=\{\begin{array}{ll}a_{1} 00 a_{1}\end{array}\}$ ,
$f(X)=X^{2}-X\alpha_{1}-\alpha_{0}\in T_{2}[X;D]_{(0)}$ , $T_{2}[x;D]=T_{2}[X;D]/f(X)T_{2}[X;D]$
.
(i) $0\neq b_{1}\in A$
$a_{0}b_{1}=a_{1}b_{1}=\xi b_{1}=0$
, $T_{2}$- $\delta$
$\delta$ : $T_{2}[x;D]\ni x\mapsto x\beta_{1}=x\{\begin{array}{ll}b_{1} 00 b_{1}\end{array}\}\in T_{2}[x;D]$ , $\delta(x^{2})=x\beta_{1}x+x^{2}\beta_{1}$
, $\delta$ $T_{2}$- . $\delta$
$f(X)$ .
(ii) $f(X)=X^{2}-X\alpha_{1}-\alpha_{0}$ (i) , $a_{1}$ .
, $T_{2}[x;D]$ $T_{2}$- $\delta$ $b_{0},$ $b_{1}\in A$ , :
$\delta(x)=x\beta_{1}+\beta_{0},$ $\beta_{1}=\{\begin{array}{ll}b_{1} 00 b_{1}\end{array}\},$ $\beta_{0}=\{\begin{array}{ll}b_{0} 00 b_{0}-\xi b_{1}\end{array}\},$ $\beta_{1}\alpha_{1}=\beta_{0}\alpha_{1}=0$ .
$a_{1}$ , $T_{2}$- , $f(X)$
.
(2) $a_{1}\in A$ , $\gamma=\{\begin{array}{ll}a_{1} 00 a_{1}+\xi^{2}\end{array}\}$ . , $f(X)=X^{2}-\gamma$
, $f(X)\in T_{2}[X;D]_{(0)}$ . (1) , $\xi^{2}=0$ , $f(X)$










[1] F. DeMeyer and E. Ingraham: Separable Algebras Over Commutative Rings,
Lecture Note in Mathematics 181(1971), Springer-Verlag, Berlin.Heidelberg New
York.
[2] S. Elliger: \"Uber automorphismen und derivationen von ringen, J. Reine Angew.
Math. 277(1975), $155arrow 177$ .
$[$3$]$ S. Ikehata: On separable polynomials and Frobenius polynomials in skew poly-
nomial rings, Math. J. Okayama Univ. 22(1980), 115-129.
[4] S. Ikehata: On separable polynomials and Frobenius polynomials in skew poly-
nomial rings II, Math. J. Okayama Univ. 25(1983), 23-28.
[5] S. Ikehata: Purely inseparable extensions and Azumaya algebras, Math. J.
Okayama Univ. 41 (1999), 63-69.
[6] H. Komatsu : Quasi-separable extensions of noncommutative rings, Comm. Alg.
29(2001), 1011-1019.
[7] B. R. McDonald: Linear Algebras Over Commutative Rings, Pure and Applied
Mathematics 87(1984), Marcel Dekker, New York and Basel.
[8] T. Nagahara: On separable polynomials over a commutative ring, Math. J.
Okayama Univ. 14(1970), 175-181.
[9] T. Nagahara: On separable polynomials over a commutative ring II, Math. J.
Okayama Univ. 15(1972), 149-162.
[10] T. Nagahara : On separable polynomials of degree 2 in skew polynomial rings,
Math. J. Okayama Univ. 19(1976), 65-95.
[11] Y. Nakai : On the theory of differentials in commutative rings, J. Math. Soc.
Japan 13(1961), 63-84.
[12] A. Nakajima : On generalizations of a separable extension over a ring, submit-
ted.
[13] K. Sugano: On separable extensions over a local ring, Hokkaido Math. J.
11 (1982), 111-115.
[14] M. E. Sweedler: Right derivations and right differential operators, Pacific J.
Math. 86 (1980), 327-360.
31
